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Abstract

Adopting a purely group-theoretical point of view, we consider the star product
of functions which is associated, in a natural way, with a square integrable (in
general, projective) representation of a locally compact group. Next, we show
that for this (implicitly defined) star product, explicit formulas can be provided.
Two significant examples are studied in detail: the group of translations on
phase space and the one-dimensional affine group. The study of the first
example leads to the Groenewold—Moyal star product. In the second example,
the link with wavelet analysis is clarified.

PACS numbers: 03.65.Ca, 03.65.Ta, 03.65.Wj, 03.65.Fd, 02.20.Qs

1. Introduction

The concept of star product of functions is a remarkable achievement of theoretical physics.
The archetype—and still nowadays, the most important realization—of this concept is the
Groenewold—Moyal star product [1, 2] (see also the recent book [3] and references therein).
Although there is no unique general mathematical framework encompassing all known star
products, one can certainly single out a simple leading idea to which the various possible
definitions of star products are more or less inspired: to replace the ordinary pointwise
product of (C-valued) functions defined on a certain set (a ‘phase space’ endowed with some
structures: a differentiable manifold, a measure space, etc) with a suitable non-commutative,
associative product that mimics the typical non-commutative behavior of linear operators.
We will make no attempt at surveying the rich and varied literature on star products.
We will content ourselves with recalling that both algebraic—analytic [4-6] and differential—
geometric [7-10] approaches to the subject have been adopted, also in view of different
purposes and applications. It is also worth mentioning the fact that the most important topics
where the formalism of star products plays a relevant role are, probably, the construction of
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quantum mechanics ‘on phase space’ and the study of the classical limit of quantum mechanics
[3, 11, 12] (see also Kubo’s seminal paper [13]). Thus, one may regard Wigner [14] and Weyl
[15] as the fathers of this formalism.

More recently, a general approach to star products based on the idea of using suitable
‘quantizers’ and ‘dequantizers’ has been proposed and developed by various authors [16-22].
This approach is very close to applications in quantum mechanics since the star products of
functions that one obtains are, by construction, nothing but the ‘images’ of the products of
quantum-mechanical operators.

In our present contribution, we will adopt a purely group-theoretical point of view which
is conceptually similar to the ‘quantizer—dequantizer’ approach cited above. Indeed, rather
than trying to define a star product directly in a given space of functions (as usual, for instance,
in the differential-geometric approach), we consider the star product (implicitly) induced by a
suitable group-theoretical quantization—dequantization scheme. Clearly, at this point, the real
problem is to find explicit formulas for the implicitly defined star product.

Before illustrating the main points of our work, it is worth mentioning that recently
another group-theoretical approach to star products—in the context of a suitable quantization—
dequantization scheme—has been elaborated [23]. However, this approach, differently from
the approach adopted in the present paper, relies on the concept of ‘frame transform’ and it is
not directly related to the Groenewold—Moyal product.

Let us now briefly outline our method and our main results. First, we show that by means
of the quantization (Weyl) and dequantization (Wigner) maps generated by a square integrable
(in general, projective) representation U of a locally compact group G—see [23-25]—it is
possible to introduce, in a natural way, a star product in the Hilbert space L?(G) of square
integrable C-valued functions on G. The product of two functions is obtained by quantizing
them, by forming the product of the two operators thus obtained and, finally, by dequantizing
this product. Endowed with the operation just described, L?(G) becomes a H*-algebra. We
will then prove—this is the main result of the paper—that the star product in L?>(G) admits a
simple explicit formula. More precisely, we will show that with every orthonormal basis in
the Hilbert space of the representation U is associated a formula for the star product (however,
all these formulas share the same general form). This basic result can be generalized or
specialized in various ways. For instance, an expression of the ‘K -deformed star product’—
see [19, 20]—which is an interesting generalization of the star product, can also be obtained.
On the other hand, in the case where G is unimodular, a particularly simple formula for
the star product—a sort of ‘twisted convolution’ a la Grossmann—Loupias—Stein [4]—can be
derived.

We believe that the point of view on star products adopted in this paper is very close to the
‘original spirit’ of the Groenewold—Moyal star product since it solely relies on (generalized)
Wigner and Weyl maps. In fact, ‘our’ star product is essentially the Groenewold—Moyal star
product in the case where the group G is the group of translations on phase space, i.e. the two
products—the twisted convolution and the Groenewold—Moyal product—are related by the
symplectic Fourier transform.

We stress that our approach relies on the existence of a square integrable representation
U of the locally compact group G for defining an associated star product in L?(G). This
feature, however, should not be regarded as a limit of this approach. As is well known, when
dealing with mathematics nothing is free: the weaker the assumptions, the poorer will be the
results that one is able to prove. Moreover, our group-theoretical point of view is very natural
having in mind applications to physics. If G is regarded as a ‘symmetry group’ of a quantum
system and U as the symmetry action of this group in the Hilbert space H of the system, then
the associated star product in L?>(G) is nothing but the realization in terms of functions of
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the product of quantum-mechanical operators (observables or states); moreover, it turns out
that the star product is ‘equivariant’ with respect to the natural action of the symmetry group.
Namely, the natural action of G on operators in H translates into (i.e. is intertwined by the
dequantization map with) a simple transformation of the corresponding functions in L*(G),
and the star product of two transformed functions coincides with the transformed product of
the two untransformed functions.

The paper is organized as follows. In section 2, we fix the main notations and we briefly
recall some mathematical notions; in particular, we review some basic facts concerning square
integrable representations. Next, in section 3, we define the dequantization (Wigner) and
quantization (Weyl) maps generated by a square integrable representation, and we derive the
relevant ‘intertwining properties’ of the Wigner map. On the basis of these definitions we
then introduce—see section 4—the notion of star product associated with a square integrable
representation, and we study its main properties. The star product introduced in such a way is,
however, only implicitly defined. As already mentioned, it is a remarkable fact that it admits
an explicit realization; furthermore, in the case of a unimodular group, a particularly simple
formula can be derived. These results—that form the core of our paper—are stated and proved
in section 5. In section 6, we consider two significant examples: the group of translations on
phase space—which is related to the standard Groenewold—Moyal star product—and the affine
group, which plays a central role in wavelet analysis. Finally, in section 7, a few conclusions
are drawn.

2. Some known facts and notations

In this section, we will recall some basic facts of the theory of representations of topological
groups; standard references on the subject are [26, 27]. We will also fix the main notations
that will be used in the following sections.

Let G be a locally compact, second countable, Hausdorff topological group (in short,
lL.c.s.c. group). We will denote by wg and Ag, respectively, a left Haar measure (of course
uniquely defined up to a multiplicative constant) and the modular function on G. The symbol
e will indicate the unit element in G.

For the scalar product (-, -) in a separable complex Hilbert space H, we will always follow
the convention that it is linear in the second argument. The symbol U/ (H) will denote the
unitary group of H—i.e. the group of all unitary operators in H—which, endowed with the
strong operator topology, is a metrizable, second countable, Hausdorff topological group.

In the following, we will consider a weakly Borel' projective representation U : G —
U(H) of al.c.s.c. group G in a separable complex Hilbert space H—see [26], chapter VII—
with multiplier m:

Ule) =1, U(gh) =m(g, h) U(g) U(h), Vg heG, Q2.1

where [ is the identity operator in H. The multiplierm : G x G — T—with T denoting the
circle group, i.e. the group of complex numbers of modulus one—is a Borel function satisfying
the following conditions:

m(g,e) =n(e, g) =1, Vg egG, 2.2)
and
m(g1, g283) m(g2, g3) = m(g182, &3) m(g1, £2), Vgi,8,8€G.  (23)

! Namely, G 3 g — (¢,U(g)¥) € C is a Borel function, for any pair of vectors ¢, ¥ € M. Projective
representations (in particular, unitary representations) will always be implicitly assumed to be weakly Borel.
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It is, moreover, immediate to check that m(g, g~') = m(g~', g). Of course, in the case where

m = 1, U is a standard unitary representation and, according to a well-known result, in this
case the hypothesis that U is a weakly Borel map implies that it is strongly continuous.

We can identify the unitary dual of G with any (suitably topologized) maximal set of
mutually unitarily inequivalent, irreducible (strongly continuous) unitary representations of
G. We will denote by G such a set, and we will call it a realization of the unitary dual of G.
Recall that, if G is compact, then G must be a finite or countable set. It is worth stressing that
we will regard as compact groups all the finite groups (endowed with the discrete topology).

Assume that the projective representation U : G — U(H) is irreducible. Given two
vectors ¥, ¢ € H, we define the function (called ‘coefficient’ of the representation U)

Cyp:G 28 (U@ V. ¢) €C, 2.4)

and we consider the set of ‘admissible vectors for U’, i.e. A(U) := {tﬁ ceH|Fp e H:¢p #
0, 054) € LZ(G)}, where L?(G) = L*(G, ug; C) (we will denote by (-, -);» and ||-||.> the
scalar product and the norm in L?(G)). The representation U is said to be square integrable if
A(U) # {0}. Square integrable projective representations are characterized by the following
result—see [28]—which is a generalization of a classical theorem of Duflo and Moore [29]
concerning unitary representations.

Theorem 2.1.  Let the projective representation U : G — U(H) be square integrable.
Then, the set A(U) is a dense linear span in 'H, stable under the action of U, and, for any
pair of vectors ¢ € H and € A(U), the coefficient Cg@ is square integrable with respect
to the left Haar measure ug on G. Moreover, there exists a unique positive self-adjoint,
injective linear operator bU in H—the ‘Duflo-Moore operator associated with U’—such that
AlU) = Dom(ﬁU) and the following ‘orthogonality relations’ hold:

(h, o0 €0 phie = (1. ¢2) (Dy Y2, Dy Y1), (2.5)
forall ¢\, ¢ € Handall Yy, Yy € A(U). The Duflo-Moore operator ﬁU satisfies the relation
Ue) Dy = Ac(g): Dy U(®),  VgeG; 2.6)

it is bounded if and only if G is unimodular (i.e. Ag = 1) and, in such case, it is a multiple of
the identity.

Remark 2.1.  Let the representation U be square integrable. If the Haar measure ug
is rescaled by a positive constant, then the Duflo-Moore operator DU is rescaled by the
square root of this constant. Thus, we will say that DU is normalized according to |g.
On the other hand, if a normalization of the left Haar measure on G is not fixed, DU is
defined up to a positive factor and we will call a specific choice a normalization of the Duflo—
Moore operator. In particular, if G is unimodular, then f)U = [ is a normalization of the
Duflo-Moore operator, and the corresponding Haar measure will be said to be normalized in
agreement with U. Moreover, the operator DU, being injective and positive self-adjoint, has
a positive self-adjoint, densely defined inverse. As a consequence of (2.6), the dense linear
span Dom(f)[]l) = Ran(ﬁU)—like AU) = Dom(f)U)—is stable under the action of U and

U(g)"'Dy' = A(g)? Dy'U9)™, VgeG. .7
From this relation, using the fact that U(g)~' =m(g, g~") U(g™"), we obtain
Ue)Dy' = Acle)™2 Dy'U(g), VgeG. (2.8)

We finally note that, in the case where G is not unimodular, a square integrable
representation of G cannot be finite-dimensional (since the associated Duflo-Moore operator is
unbounded).
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Let us recall a few other facts about square integrable representations:

(1) If the representation U of G is square integrable, then the orthogonality relations (2.5)
imply that, for every nonzero admissible vector ¢ € A(U), one can define the linear
operator

WY H 3¢ 1Dy vl Y, € LXG) (2.9)
—sometimes called (generalized) wavelet transform generated by U, with analyzing
vector Yy—which is an isometry. The ordinary wavelet transform arises in the special
case where G is the one-dimensional affine group R x R} (see [30, 31]); we will clarify
this point in section 6. The isometry QB[‘/} intertwines the representation U with the left

regular m-representation R, of G in L2(G), see [28], which is the projective representation
(with multiplier m) defined by

(Ru() /)(g) :=m(g, &) flg™'g), 8.8 €G, f e LX), (2.10)
where 1_n>(g, g =mn(g, g’l)* m(g’l, g"), namely
W} U(g) = Ru(g) W, Vg eG. (2.11)

Hence, U is unitarily equivalent to a subrepresentation of R,. Note that, form = 1,
R = R, is the standard left regular representation of G.

(2) Let the group G be compact (hence, unimodular), and let G be a realization of the unitary
dual of G. In this case, the irreducible unitary representations of G are finite-dimensional—
we will denote by & (U) the dimension of the Hilbert space H = H(U) of a representation
U € G—and square integrable (since the Haar measure on G is finite and the coefficients
of these representations are a bounded functions). According to the Peter—Weyl theorem
[27, 32], the Hilbert space L2(G) admits the orthogonal sum decomposition

LX(G) = P LG 2.12)
UeG

where L?(G) [y is a finite-dimensional subspace of L?(G)—depending only on the unitary
equivalence class [U] of the representation U—that is characterized as follows:

e for every orthonormal basis { x, }i(:U]) in the Hilbert space of the representation U € G,
s(U)

L*(G)w) = @D Ran(207): (2.13)
n=1

hence, dim(L?(G)y) = 8(U)?%;

e foreveryn € {1,...,8(U)}, Ran(QUé") is an invariant subspace for the left regular
representation R of G, and the restriction of R to Ran (QH?]) is irreducible and unitarily
equivalent to U.

Therefore, each representation U € G ‘occurs with multiplicity §(U) in the left regular
representation R’, i.e. R is unitarily equivalent to the representation
8(U)

——
Prve---aouU. (2.14)

UeG
Assuming that the Haar measure (¢ is normalized as usual for compact groups—i.e. that
uc(G) = 1—we have

s(U) /G(¢1, U(g) vn) (U(g) V2, ) dug(g) = (é1, ¢2) (V2, Y1), (2.15)

for all vectors ¢y, ¥y, ¢z, ¥» € H. Hence, the Duflo-Moore operator associated with the
1
square integrable representation U is of the form d; I, where d;;, = 6(U) 2.
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(3) Denoting by ¢, p the standard position and momentum operators in L?(R), the map
U:RxR>(q,p) > exp(i(pd — qp)) € UL (R)) (2.16)

is a projective representation of the (additive) group R x R. This representation is
square integrable and, fixing (277)~! dg dp as the Haar measure on R x R, we have that
Dy = I; see [23]. Therefore, the Haar measure (2m)~'dgdp is normalized in agreement
with U. If ¥ € L?(R) is the ground state of the quantum harmonic oscillator, then
{U(q, p) ¥o}q,per is the family of standard coherent states [33, 34].

We conclude this section fixing some further notations and recalling a technical result.

The symbol C will indicate the closure of a closable operator C in . Given a subspace
S of H, we will denote by S* the orthogonal complement of S in H. We will denote by
B(H) the Banach space of bounded linear operators in H and by ||-|| the associated norm. We
recall that the Hilbert space B,(H) of Hilbert—Schmidt operators in H is a two-sided ideal
in B(H) [35]; the associated scalar product and norm will be denoted by (-, -)5, and |-||5,,
respectively. Another two-sided ideal in B(7) is the Banach space of trace class operators
Bi(H) C B,(H). Given a measure space (X, ), the locution ‘for p-almost all x in X* will
be usually substituted by the symbol V,x € X. The following well-known result will turn
out to be very useful in section 5. Let the measure space (X, i) be complete, and let { f,,},.en
be a sequence in L?(X, u; (C) converging (in norm) to f. If there is a function f : X — C
such that lim,,_, o, f,(x) = f(x), V,.x € X, then f is p-measurable and we have that f = £,
the two functions being regarded as elements of L?>(X, u; C) (i.e. the two functions coincide
p-almost everywhere).

3. Weyl-Wigner quantization—dequantization maps

Every square integrable representation of a l.c.s.c. group G gives rise to an isometry that maps
the space of Hilbert—Schmidt operators—acting in the Hilbert space of the representation—
into L>(G) = L*(G, ug; C). Since it transforms operators into functions, it is called the
Wigner (dequantization) map. Its adjoint, which transforms functions into operators, is called
the Weyl (quantization) map.

Indeed—see [23—-25]—a square integrable projective representation U : G — U(H) (with
multiplier m) allows us to associate with every Hilbert—Schmidt operator A € B,(H) a function
Gogr (GUA)(g) € C contained in L?(G), in such a way to define a linear map S,
By(H) — L*(G). To this aim, we exploit the fact that the finite rank operators form a dense
linear span FR(H) in the Hilbert space B,(H). Precisely—denoted by DU, as in section 2,
the Duflo-Moore operator associated with U (normalized according to wg)—consider those
operators in H of the type

¢V =1$)(wl, ¢ €M, ¥ eDom(D,"). 3.1)

The linear span generated by the rank one operators of this form—namely,
RI(H; U) := {F € FR(H) : Ran(F*) = Ker(F)* c Dom(D;')} (3.2
—is dense in FR() and, hence, in B,(H), i.e. FR!(H; U) = B,(H). Explicitly, the elements

of FRU(H; U) are those operators in FR(7{) that admit a decomposition of the form

N
F=""1¢) (Yl NeN, (3.3)
k=1
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A

where {¢¢}}_,, {¥}}_, are linearly independent systems in 7, with {y}}_; C Dom(D;").
Incidentally, we also introduce another dense linear span in B,(H) that will turn out to be
useful later on, i.e.

FRV(H; U) := {|F € FR(H) : Ran(F), Ran(F*) C Dom(D")}. (3.4)

At this point, we first define the map &, on all rank one operators of the form (3.1) by
setting

(G, d¥)(9) =t (U@ I9)Dy'v|) = (U@ Dy'v. ), Vov e FRIH U).  (3.5)

Then, by virtue of the orthogonality relations (2.5), for any m = |¢1) (Y], 45/2% €
FR“(H; U), we have

/G Sy Y1) (S 292 (2) diag (8) = (b1, d2) (Y2, Y1) = (B1Y1, pa¥2),. (3.6)

Thus, extending the definition of the map &, to all FRU(H; U) by linearity, and next to the
whole Hilbert space B, () by continuity, we obtain an isometry—G&,, : Bo(H) — L*(G)—
i.e. the (generalized) Wigner map, or Wigner transform, generated by U. It turns out that the
range of &, which will be denoted by R, depends only on the unitary quuivalence class of U.
Moreover, as the reader may prove, if the group G is unimodular (hence, D, = d;1,d; > 0),
then for every trace class operator p € B;(H), we have (&,0)(g) = dljl tr(U (g)*p).

Remark 3.1. Suppose that U is, in particular, a standard unitary representation, and let V be
another square integrable unitary representation of G (acting in a Hilbert space H’), unitarily
inequivalent to U. Then, it is easy to show that

(Ry = Ran(6y)) L Ran(Gy), 3.7

where Gy : Bo(H') — L2(G) is the Wigner map generated by V.

Remark 3.2. Suppose that the group G is compact—hence, unimodular—and U is a
(irreducible) unitary representation. Then, by relation (2.13), we have

8(U)
L*(G)y) = @D Ran(Wy) = span{c) , : v. ¢ € H} =Ry, 3.8)
n=1

where the function cg’ ¢ € L%(G) is the coefficient defined by (2.4). Therefore, by relation
(2.12),

UeG
for any realization G of the unitary dual of G.
We will now explore the ‘intertwining properties’ of the Wigner map &, with respect
to the natural action of the group G in the Hilbert—Schmidt space B,(H), and to the standard

complex conjugation in B, (H).
To this aim, consider the map U vV U : G — U(B,(H)) defined by

UVvU@A:=U)AU(g)", g €G, A € By(H). (3.10)

The map U Vv U is a (strongly continuous) unitary representation, even if, in general, the
representation U has been assumed to be projective. It can be regarded as the standard action
of the ‘symmetry group’ G on the ‘quantum-mechanical operators’ (‘observables’ or ‘states’).
Next, let us consider the map 7, : G — U(L?*(G)) defined by

(Ta() )(8) = Ac(9) (g, g) f (888, 8.8 €G, [ eLXG), (3.11)

7
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where the function m : G x G — T has the following expression:

n(g, ¢) :=mnlg ¢ 'g)mg g, 9. (3.12)

As the reader may check, also the map 7, is a unitary representation. For m = 1, it coincides
with the restriction to the ‘diagonal subgroup’ of the two-sided regular representation of the
direct product group G x G; see [27, 36]. The link between the unitary representations defined
by (3.10) and (3.11) is provided by the following result.

Proposition 3.1. The Wigner transform &, intertwines the representation U Vv U with the
representation T, namely

S, UV U =Ta(g) Sy, Vged. (3.13)

Therefore, R, is an invariant subspace for the unitary representation Ty, and the representation
U Vv U is unitarily equivalent to a subrepresentation of I, i.e. to the restriction of T to Ry;.

Proof.  One can easily prove that &,U v U (g)@ = TW(g) Gy, @, for any rank one
operator @ of the form (3.1). This relation extends to the linear span generated by the rank
one operators of such form, i.e. to the dense linear span FR¢ (H; U). Therefore, the bounded
operators G, U Vv U(g) and 7,(g) &, coincide on a dense linear span in B,(); hence, they
are equal. (]

Let us consider, now, the antilinear map J,, : L*(G) — L*(G) defined by

@) =A@ ng.g ) fe™)  Vfel’G). (3.14)
We leave to the reader the easy task of verifying that the map J is (well defined and) a complex

conjugation in L*(G): J, = J and J2 = I (i.e. J, is a self-adjoint antiunitary map).

Proposition 3.2. The isometry &, intertwines the standard complex conjugation

J:By(H) 3 A> A* € By(H) (3.15)
in the Hilbert space B, (H) with the complex conjugation J_ in L*(G), namely

Syd =4.6y. (3.16)

Therefore, R, is an invariant subspace for the complex conjugation J .

Proof. The proof is analogous to the proof of proposition 3.1; we leave the details to the
reader. Hint: this time prove that relation (3.16) holds in the dense linear span FRMI(7; U),
at first. ]

Since the generalized Wigner transform &, is an isometry, its adjoint &}, : L*(G) —
B>(H) is a partial isometry such that &}, &, = I and &, &}, = PRU’ where PRU is the
orthogonal projection onto the (closed) subspace R, = Ran(&,) = Ker(&j;) of L% (G).
Thus, the partial isometry &7, is the pseudo-inverse of &, and we will call it (generalized)
Weyl map generated by the representation U.

Let us provide an expression of the Weyl map. As is well known, the weak integral

0 :=/f<g>U<g>duG(g>, VieL(G), (3.17)
G

defines a bounded operator in H (here the square integrability of U does not play any role).
Then, one can easily prove the following result.



J. Phys. A: Math. Theor. 42 (2009) 475210 P Aniello

Proposition 3.3. Foreveryf € LY(G)NL*(G), the densely defined operator U () lA){,1 extends
to a Hilbert—Schmidt operator and

UMD, = &t (3.18)

Therefore, for every function f € L*(G)—given a sequence {f,}neN in L%(G), contained in
the dense linear span L' (G) N L2(G), such that ||-||2 lim,— oo f, = f—we have

Sy f = IMlls, lim &5ty = ||, lim U () Dy (3.19)
In the case where the group G is unimodular, the following weak integral formula holds:

GXiff=d{/1/Gf((g’)U(g)nd(g), V[ eLXG). (3.20)

We will finally establish a result that will be useful in section 6. We leave the
(straightforward) proof of this result to the reader.

Proposition 3.4.  Suppose that the Hilbert space H of the representation U is a space
L2(X) = L2(X, u; C) of square integrable functions on a o -finite measure space (X, ().
Then, for every f € L'(G) and every ¢ € L*(X), the function G 3 g — f(g) (U(g) ¢)(x) € C
belongs to L'(G) for p-a.a. x € X, and the following relation holds:

(U H)(x) = /Gf(g) U (g) $)(x)dug(g). Vux € X. (3.2
Therefore, for every f € L'(G) N L%(G) and every ¢ € Dom(b(jl) C L2(X), we have

(&5He)(x) = / f(g) (U(g) Dy'e)(x) dug(g), V,.x € X. (3.22)
G

4. Star products from quantization—-dequantization maps

In this section, we will show that the quantization—dequantization maps previously introduced
induce, in a natural way, a ‘star product of functions’ enjoying remarkable properties. Let
U be a square integrable (irreducible) projective representation of the l.c.s.c. group G in the
Hilbert space H, and let &, : By(H) — L?(G) be the associated Wigner map. Consider the
following bilinear map from L?(G) x L?(G) into L*(G):

() % () 1 L2G) x LX(G) 5 (fi. f) S, ((65 /1)(8} 1)) € L*(G). “.1

ie. fi v f> is the function obtained dequantizing the product (composition) of the two
operators which are the ‘quantized versions’ of the functions f, f,. We will call the bilinear
map (4.1) the star product associated with the representation U.

Before considering the properties of the star product associated with U, it is worth fixing
some terminology about algebras. By a Banach algebra, we mean an associative algebra A
which is a Banach space (with norm ||-|| 4) such that

lablia < llalla bl 4 Va,be A 4.2)

Given Banach algebras A and A’, we will say that a linear map & : 4 — A’ is an (isometric)
isomorphism of Banach algebras if it is a surjective isometry such that E(ab) = E(a)E(b),
foralla, b € A.
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A Banach algebra .A—endowed with an involution® (@ — a*)—such that
lalla = lla*|l.a. Vae A 4.3)

will be called a Banach x-algebra (Banach star-algebra; of course, the ‘star’ in x-algebra,
which refers to an involution, should not generate confusion with the ‘star’ product).

A Banach x-algebra A is said to be a H*-algebra [37, 38] if, in addition, it is a (separable
complex) Hilbert space (with ||a|| 4 = «/{a, a) 4) satisfying
(ab, c) s = (b,a*c)4 and (ab, c) 4 = {a, cb*) 4, Ya,b,ce A. 4.4)

Clearly, condition (4.3) now means that the involution A > a +— a* € A is a complex
conjugation (an idempotent antiunitary operator). For every element x of a A, the two
relations x.A = {0} and .Ax = {0} turn out to be equivalent. The annihilator ideal of A is the
set Ay defined by

Ayi={xe A:xA={0}} = {x € A: Ax = {0}}. (4.5)

The annihilator ideal is a self-adjoint (i.e. for every x € Ay, x* belongs to Ay as well) closed
two-sided ideal in .4. The H*-algebra A is said to be proper (or semi-simple) if it satisfies the
following two equivalent conditions:

xeA xA={0} = x=0) and xeA Ax={0} = x=0), (4.6

namely, if 49 = {0}. Every H*-algebra .4 admits an orthogonal sum decomposition of the
following type:

A=Ay @ A, 4.7

where Ay is the annihilator ideal of A, and A, is a self-adjoint closed two-sided ideal which
(endowed with the restrictions of the algebra operation and of the involution of .A) is a proper
H*-algebra. We will call A, the canonical ideal of A, and we will denote by P , the orthogonal
projection onto A;. The canonical ideal is characterized by the relation

ab = (P, a)(Py b), Ya,b e A, 4.8)

in the following sense. Suppose that A C A is a closed two-sided ideal, which is a proper
H*-algebra such that ab = (P za)(P zb), Va, b € A. Then, it is easy to show that A = A;.

A linear map € : A — A'—where A, A" are H*-algebras—is said to be an isomorphism
of H*-algebras if it is a unitary operator such that

E(ab) = E(a)&(b) and Ea*) = E(a)*, Ya,be A. (4.9

As is well known, the Hilbert space B,(H) is a proper H*-algebra with respect to the
ordinary composition of operators (algebra operation) and to the standard complex conjugation
J (involution), see (3.15).

The star product defined above is characterized by the following result, whose proof,
being straightforward, is left to the reader.

Proposition 4.1. The bilinear map (-) g () : L3(G) x L*(G) — L2(G) associated with the
square integrable projective representation U enjoys the following properties:

. . . U . ..
(i) the vector space L*(G), endowed with the operation (-) x (-), is an associative algebra;
2 Let V be a vector space, and (-,-) : V x V — V a bilinear operation in V. We recall that an an involution in
V, with respect to the bilinear operation (-, -), is an antilinear map V 3 a + a* € V satisfying (a*)* = a and

(a,b)* = (b*,a*),Va,beV.

10
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(ii) the antilinear map J is an involution in the vector space L*(G) with respect to the bilinear

U
operation (+) x (-), i.e.

JW. ) =f and I (fix ) =W 1) x G f). VL i, fr e LAG):;
(4.10)

(iii) LZ(G)—regarded as a Banach space with respect to the norm ||-||12, and endowed with
the the star product associated with U and with the involution J,—is a Banach x-algebra;
in particular, it satisfies the relation

| A% Al < 1Al A, V fi. f» € L*(G); (4.11)
(iv) Ay = L*(G), (1) K (), Jdy) is a H*-algebra; indeed, for all f1, f>, f3 € L*(G),

(fi% fo fi)o = [fo Gufi) % fi),  and

(A% B fi)o = (i 5 % Waf))s (4.12)
(v) for any fi, f» € L*(G), we have that

S * f2e€Ry; (4.13)

therefore, the (closed) subspace R, = Ran(G)) of L2(G) is a closed two-sided ideal in

Ay and—endowed with the restrictions of the star product associated with U and of the

involution J, (R, is an invariant subspace for J,, see proposition 3.2)—is a H*-algebra;
(vi) the H*-algebra R, is proper and, for any fi, f> € L%(G), we have that

U U
fix fo = (Pr, fi) * (Pr, ): (4.14)
hence, R, and its orthogonal complement Rﬁ are, respectively, the canonical ideal and

the annihilator ideal of Ay, and the H*-algebra Ay is proper if and only if R, = L%(G);
(vii) the unitary operator

By(H)3 A G ,AeRy (4.15)

is an isomorphism of (proper) H*-algebras;

(viii) the canonical ideal R, is an invariant subspace for the representation T, — (see (3.11))—
and the star product associated with U is equivariant with respect to this representation,
ie.

L@)(fi * £2) = T@f) * Ta(@) f).  Yfi. el2G). YgeG.  (4.16)

It is interesting to note that the definition of the star product (4.1) can be suitably
generalized. In fact, since B, (H) is a two-sided ideal in B(H), with every bounded operator
K € B(H) is associated a bilinear map (-) o (+) : Bo(H) x Bo(H) — By(H)—the K-product

R

(this notion has been considered for ‘generic operators’ in [19, 20]) in B, (H)—defined by

AoB:= AKB, VA, B € By(H). (4.17)
R
Observe that B, (H), endowed with the operation (-) o (+), is an associative algebra, and, if K is

K

self-adjoint, then J is an involution in B, () with respect to this operation. Moreover—since

IAK Bz, < KA, || Bllg,—itis clear thatif | K|| < 1, then (B2(H), (-) < (-)) is a Banach
R

11
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algebra; if, furthermore, K is self-adjoint, then (B,(H), (-) o (-), J) is a Banach x-algebra. The

R
operation (4.17) allows us to introduce the following bilinear map:

¢) %(-) L2(G) x L(G) 3 (fi. f2) = 64((67 f1) 2 (67 f2)) € LX(G). (4.18)

R

We will call the operation (4.18) K -deformed star product associated with U. Obviously, the
K -deformed star product coincides with the star product defined by (4.1) in the case where
K = I. The main properties of K-deformed star product are summarized by the following
proposition, whose proof we leave to the reader.

Proposition 4.2. For every bounded operator R € B(H), the bilinear map (-) g(-):

K
L%(G) x L2(G) — L*(G) enjoys the following properties:
(i) the vector space L%(G), endowed with the operation (-) (é(~), is an associative algebra;
R
(ii) in the case where the operator K is self-adjoint, the antilinear map J,, is an involution in

U
the vector space L*(G) with respect to the bilinear operation (-) *(-), Le.
R

LU, f)=f  and Jm(fll%fz)=(Jmf2)%(dmf1),

Y f, fi, » € LX(G); (4.19)

(iii) if || K || < 1, then L(G)—regarded as a Banach space with respect to the norm |||z, and
endowed with the K -deformed star product associated with U—is a Banach algebra; in
particular, it satisfies the relation

| i Z Pl < UAleI Al V fi. f» € L*(G); (4.20)

if, furthermore, the operator K is self-adjoint, then (Lz(G), ) l{{(~), Jm) is a Banach
K

x-algebra;
(iv) for any fi, f>» € L>(G), we have that

U
fi Efz € Ry; 4.21)

therefore—assuming that IK| < 1—the (closed) subspace Ry of L%(G) is a closed
two-sided ideal in the Banach algebra (B,(H), (-)o ());
R

(v) for any fi, f» € L*(G), we have that
U U
h Efz = (PRUﬂ) x (PRUfz): (4.22)
(vi) assuming that IK| < 1, the application
By(H)3 A G A eRy, (4.23)

is an isomorphism of the Banach algebras (By(H), (-)o (-)) and (RU, ) g(~)).
R R

5. Main results: explicit formulas for star products

The aim of this section is to provide suitable expressions for the star products associated with
square integrable representations that have been defined and characterized in section 4. For
the sake of clarity, we will split our presentation into a few subsections.

12
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5.1. Assumptions and further notations

In the following, we will always assume that U is a square integrable (irreducible) projective
representation—with multiplier m—of the l.c.s.c. group G in the Hilbert space H. We will
denote, as usual, by DU the associated Duflo-Moore operator, nf)rmalized according to a given
left Haar measure . on G. Recall that, if G is unimodular, then D, = d, I, d;, > 0; otherwise,
DU is unbounded. We will use—often without any further explanation—the notations and the
tools introduced in sections 2—4; in particular, we will exploit the orthogonality relations for
square integrable representations and the result recalled at the end of section 2.

Before starting our program, it is worth fixing a few additional notations. It will be
convenient to adopt the shorthand notation f dug for the integral f ¢ dg. We will denote
by |II,> lim,,_, o, the limit of a sequence in L?(G) (converging with respect to the norm |-||.2).
Given a finite or countably infinite index set N' = {n}, we denote by |-I|,» Zn either simply a
finite sum in L?(G) (V finite), or an infinite sum in L?>(G) converging with respect to the norm
[I-]lL2. Clearly, an analogous meaning will be understood for the symbol -5, Zn (of course,
in this case the relevant space is 13, (H)), or, in general, ||-| Zn Given a bounded operator B
in H, we can define two natural bounded operators in the Hilbert—Schmidt space 3,(H), i.e.
the operators

L5 :By(H) > A BA € By(H), Ry :By(H) > Ar> A B e By(H). (5.1)

It is obvious that £3R 3 = Rz L. In particular, given a vector x € H, we will denote by
Rz the bounded linear operator in B,(H) defined by

Rz :By(H) > A AY € By(H), (5.2)

where we set: X = xx = |x)(x|. Itis clear that—for x nonzero and normalized—Ry is an
orthogonal projector in the Hilbert space 5, (H).

Remark 5.1. LetJ be a complex conjugation in H (a self-adjoint antiunitary operator). Then,
the bounded linear map U, : H ® H — B,(H), determined (in a consistent way) by

U;p @Y = |p)(J Y], Vo, v €H, (5.3)

is a unitary operator (indeed, it is an isometry on the dense linear span generated by the
separable elements of H ® H, and the image of this linear span is FR(?), which is dense in
B>(H)). It is easy to check that &, (I ® X)U} = Ry, where X' = JxJ = |[Jx)(Jx|. Let
{Xn}nen be an orthonormal basis in H. One can always choose the complex conjugation J in
such a way that J x,, = x», for any n € N hence: U, (I @ x,)U5 = Ry,, with X, = [ xn) (Xnl-
This choice of J is convenient for noting the fact that the relation |-| Zn IV =V,
VW € HQ® H is equivalent to |5, _, SRQHA =AVA e B,(H).

Besides, given a vector x contained in the dense linear span Dom(b,}l), let ¥ be the
linear operator in H, of rank at most one, defined by

% = 1o(Dg'x|. (5.4)

Then, we can consider the bounded linear operator Ry : Bo(H) > A A X € By(H). Note
that, if the group G is unimodular, we have Ry = d;;' Rz.

Let us also introduce two integral kernels. Our formulas for star products will be based

on these kernels. First—for any bounded operator K in 7 and any vector x € H, contained in

the dense linear span Dom(f),}z)—consider the integral kernel xy (K, x:-,-) : G x G — C
defined by

xy(K, x5 8.h) = (U@ Dy*x. KU D' x) = (K*U(g) Dy x. Uh) D' x). (5.5)

13
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For notational convenience, we set xy(x;g,h) = xy(,x;8 h) = (U(g) b{,zx,
U(h) Dy;'x). Next, again for every vector x contained in Dom(D?), let ky(x; -, -, ) :
G x G x G — C be the integral kernel defined by

ku(x; g, b, b)) = (U(@) D' x, Uh) Dy U Dy x). (5.6)

Exploiting relation (2.8) and the fact that
Uh™'g)=mnh™", ) U™ U(g) =n(™", g)mh, h~)* U)*U(g)

=m(h, h~'9)* U(h)*U(g), (5.7)

we find

Ko (X g b by =m(h, k™ ) Ag(h ™" g) sy (x: g, ), Vg, hh €G. (5.8)

Observe that—since xy (K, x; g,-) = &,(|K*U(g) D;*x)(x|)"—for any g € G, we have

that the function G > h +— xU(I?, x; g, h) € C belongs to L>(G). Moreover, by relation

(5.8), for any g, h € G, the function G > i’ + «ky(x; g, h,h’) € C belongs to L>(G), as

well.

5.2. Preliminary results

The following result will turn out to be fundamental for our purposes.

Proposition 5.1.  For every bounded operator K € B(H), for every function f € L*(G) and
for every vector x € Dom(D52), the following formula holds:

(6yR; L6y f)(8) = /duc(h)xu(le, X & h) f(h), V.8 €G. (5.9)

Proof. Indeed, for every f € L?(G), we have
/duc(h) s (R, x: g.h) f() = (&, (|R*U@ Dx)(x]). £

= (K*|U(&) Dy*x)(x1, &5 )y,

= (U@ Dy’x. K(Syf)x).  Vug€G. (5.10)
Hence, we conclude that
fduc(h)%u(le,x;g,h)f(h) = (&, (K (&5 £)Ix)Dy'x|))(®)

= (6yR; L6y (), (5.11)
V.8 € G. The proof of formula (5.9) is complete. |

At this point, in order to prove the main result of the paper—i.e. theorem 5.1—we need
to pass through three technical results. The third one (lemma 5.3) ‘essentially contains’ the
expression of the star product, already, but it requires a refinement (see proposition 5.2 below)
before getting to the main theorem swiftly.

Lemma 5.1. For every f € L*(G) and for every g € G, the following relation holds:

(Ru(@)p /)W) =m(h, k™' ) Ac(h™'g)? f(h'g), (5.12)
Vush € G. Therefore, for any f1, f> € L%(G) and for every g € G, the function
G3he fithmh,h™'9)* Ac(h™'g) f(h'g) € C (5.13)

14
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belongs to L' (G) and

/ deg(h) fi(ymh, ™' g)* Ag(h™' )7 folh ™" g) = (Ru(g)dy for fi)12- (5.14)

Proof. Use the definition of the representation R, : G — U(L*(G)) (see (2.10)) and of
the complex conjugation J, : L?(G) — L%(G) (see (3.14)), and then suitably exploit formula
(2.3) for manipulating multipliers. |

Lemma 5.2. For any fi, f» € L*(G) and for every x € Dom(bl_jz), the following relation
holds:

/dMG(h)/dMG(h/) ku (X & h h') fi(h) fo(h") = (Ru(8)9,6, R3Sy 2. fi)..  (5.15)

Proof. Taking into account (5.8), by relation (5.9)—with K = I—we obtain:
[ duos ot g my i

—nlh b g Ac(h g} / (W) 20 G g 1) o)

=m(h, h™'g) A (h™' 9)* (6% &% ) (h'g). (5.16)

At this point, relation (5.15) is a straightforward consequence of lemma 5.1. ]

A

Lemma 5.3. Let x be a vector belonging to Dom(DUz). Then, for every ¢ € H, and for

any Y1, ¥, ¢ contained in Dom(b;l)—setting, as usual, m = |pj)(¥jl, ] =1,2—we
have

(ST (i1 d292)(8) = / due () / dug () ku (x; g, 1)

X (S 1Y) (h) (Sydavn) (W), V.8 €G. (5.17)
Proof. First observe that

f A () ku (x: g2 ho 1) (S Gadn) (W)

= / duc(W)(Dy' U)*U () Dy' x, U D' x)\U (W) Dy 2, ¢2)

= (Y, x)({U(@) D' x, Uh) D' ), (5.18)

Vh, g € G, where we have used the fact that ¢, is contained in Dom(b,}l). Then, exploiting
relation (5.18) and the fact that

/duc(h)w(g)ba'x,U(h)balm)(U(h)D;'wl,«p])= (W1, ) (U@DG' x, 1) (5.19)
—note that (U(h) D Y1, ¢1) = (S, é191) (h)—we find
/ dpug (h) / g (W) kcu (G g0 b ') (S @1y (h) (S dayia) ()

= (W2, X) (W1, 62) (U@ D' %, 1) = S (311629270 (2). (5.20)
The proof is complete. ]

15



J. Phys. A: Math. Theor. 42 (2009) 475210 P Aniello

As anticipated, the following result can be regarded as a generalization of Lemma 5.3. It
will allow us to prove the main result of the paper in a straightforward and transparent way.

Proposition 5.2. Let x be a vector contained in Dom(bl_]z). Then, for any fi, f» € L*(G),
the following formula holds:

SuR5((S5 1) (Sy f2)) = f dug(h) / dug(h) ky(x; - by 1)) fi(h) fo(h'). (5.21)

Proof. By Lemma 5.3, relation (5.21) holds for any pair of functions fj, f> belonging
to the linear span &, (FR'I(; U)) (see (3.4)), which is dense in R,. Moreover—since
Ker(67) = Rﬁ, and R, is an invariant subspace for the complex conjugation J,; and for the
representation R,—for any pair of functions fi, f> € L2(G), of which at least one is contained
in Rb, we have

(Ra(2)4,6,R1 6} o, fi), =0. (5.22)

Thus, if f and/or f, is contained in R, recalling relation (5.15), we conclude that
[ duay [ oy cut - h iy iy o (5.23)

Therefore, relation (5.21) is satisfied by fi, f» in the dense linear span &, (FR'!(H; U))+R}.
In the case where the Hilbert space H is finite-dimensional (hence, G is unimodular), this linear
span actually coincides with L2(G) itself and the proof is complete.

Let us assume, instead, that dim(H) = oo, and let us prove relation (5.21) for a generic
pair of functions in L2(G). To this aim, consider first a pair of functions fj, f> of this kind:
f1is an arbitrary function contained in the dense linear span &, (FR'I(H; U)) + R{;, and
£ any function belonging to L2(G). Next, take a sequence of functions { fanlnen C L*(G),
contained in &, (FR'I(H; U)) + R{; and converging (with respect to the norm ||-[|2) to f>.
Then, we have

e Tim &Rz (87 /1) (S fan)) = 6y Rz ((87./1) (87 f2))- (5.24)
On the other hand, by the first part of the proof and by lemma 5.2, we have that
i (8% (80,70 1 )0

= Jim [ () [ gk (e g k) )

= nli{{.lO(Rm(g)JmGUmx Sy frns f1),2

= (Ru(8)4;6y R3S fo, fi)p»

— [ duath) [ duath w2 ) fi0 L0, (5.25)

From relations (5.24) and (5.25), it descends that formula (5.21) holds true for any pair of
functions f; contained in the linear span (GU(FRW(H; U))+ Rﬁ) and f» € L*(G). At this
point, using this result and a density argument analogous to the one adopted for obtaining it,
one proves relation (5.21) for a generic pair of functions in L?(G). O
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5.3. Formulas for star products

We are now ready to prove the theorem that can be regarded as the main result of the paper.
It provides a simple expression for the star product associated with the square integrable
projective representation U.

Theorem 5.1. Let {x, }nen be an orthonormal basis in H, contained in the dense linear span

A

Dom(DUz). Then, for any fi, f» € L*(G), the following formula holds:

U !
fix =110 / duG (h) / duaG (1 )iy Gt - b 1) f1 () fa (R, (5.26)
where the integral kernel ky (xn; , -, ) : G X G x G — C is defined by (5.6), i.e.
i s 8- 1 ') = (U (@) Dy, Uh) Dyt UR') Dy xa). (5.27)

Proof. In order to prove formula (5.26), we can exploit relation (5.21) and the fact that
s, YRz, A = A, VA € By(H), (5.28)

where X, = | xx) (x|, as usual; see remark 5.1. Indeed, for any fi, f> € L%(G), we have

e Y [ dreah) [ e G b i sl
=z ) SuRs, (8741 (87 f2))
=Sylls, YR ((87.41)(87 1))

= 6y((67/1)(67 12)). (5.29)
By definition, the last member of (5.29) is equal to f} Z fa. O

Remark 5.2. One can readily derive from formula (5.26) various alternative expressions for
the star product; in particular, by relation (5.8) we have

A% o=t / dug (h) fi(hmh, h™" ())* Ag(h™" ()

) K ey N S AT (5.30)
By the change of variables & > gh and h + h~'further expressions can be obtained.

Theorem 5.1 has various implications. First of all, it is remarkable that, in the case
where G is unimodular, the star product associated with the representation U admits a simple
alternative expression.

Corollary 5.1. Suppose that the l.c.s.c. group G is unimodular. Then, for any fi, f> € L*(G),
we have

(fi % )0 = dy" [ duath) Ahmth ™' 9)" (P, £)(h ')
=dﬁl/dMG(h)(PRUfl)(h)m(h,h“g)*fz(h‘lg)

—d5' [ duo(Pre, £i) i, h™'9)" (P, ) '0). Vg € G.
(5.31)
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Therefore, for any f1, f» € Ry, the following formula holds:

(fi * £)(©) =dy' / dpg(h) fitymh, ' g)* fr(h ™' g), V.8 €G. (5.32)

Proof. Let f;, f> be functions in L?>(G). Then—using formula (5.26), relation (5.15) and
the fact that, being G unimodular, Ry = dj;' Rz —we have

fi% o=t Z/dMG(h)/dMG(h/)KU(Xn; h, B fi(h) fo(R)

=l ) (Ra(),8, Ry, &} fo. i)

n

=dy' 1 Y (Ra(), 6, Rg, &} fo. fi)- (5.33)
On the other hand—by virtue of the continuity of the scalar product in L?>(G) and of the
boundedness of the operators Ry(g), J, and &, and exploiting relations (5.28) and, then,
(5.12) (with Ag = 1)—we also have that

D (Ru(@)d,6R5, 6 fo. fi)2 = (Ra(8)4,6,,67 fo. fi)rx

n

= <Rm(g)JmPRU f27 fl >L2
= [ duath) Atymth o) (P, )0, (534

Relations (5.33) and (5.34) imply that the first of equations (5.31) holds true; the
other two are obtained using the fact that PRUis a projector satisfying Rm(g)JmPRU =

Pr, Ra(8)J,.

Remark 5.3. We stress that the particularly simple formula (5.32)—differently from formula
(5.26)—holds for any pair of functions fi, f» € L2(G) of which ar least one belongs to
the (closed) subspace R, of L%(G), which is the canonical ideal of the H*-algebra Ay, see
proposition 4.1. The rhs of (5.32) is a ‘twisted convolution’ generalizing the standard twisted
convolution [4] that appears in the case where G is the group of translations on phase space
and U is the projective representation (2.16) (we will examine this case in section 6).

Let us derive another consequence of theorem 5.1. In the case where the group G is
compact (hence, unimodular), there is a precise link between the convolution product in
L?(G) [27] and the star products associated with a realization G of the unitary dual of G.

Corollary 5.2. Suppose that the l.c.s.c. group G is compact and that the Haar measure ji¢ is
normalized as usual for compact groups, i.e. that jug(G) = 1. Then, for any f1, f» € L*(G),
the following formula holds:

L*(G) 3 / duG(h) i) o™ () = 112 Y 8W) (fi % f2)- (5.35)

UeG

Proof. As is well known, since G is compact, the convolution of any pair of functions in
L2(G) is again a function belonging to L?(G). Moreover, from relation (3.9), it follows that
e Y yed Pz, f = £,V f € L%G); hence—denoting by R the left regular representation of
G and by J the complex conjugation

L*G) > f > f(()™H* e L*(G), (5.36)
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for any fi, f>» € L>(G) we have

f dug(h) fi(h) fr(h™'g) = / dug(h) |12 ) Pr fi | (W) f2(h™'g)

UeG

= <R(g)Jf2, lI-ll.2 Z PRU f1>L2

UeG

= Z (R(&) f2, Py i 2

UeG

=y / dieg (h) (Pr, f1) () fo(h™'g), (5.37)
UeG
for all g € G. On the other hand, by corollary 5.1 we have that

/ dug(h) (P, /1)) o™ () = 8W) 2 (fi » ). VU G, (5.38)

where we recall that §(U )’% = d,. Moreover, by relations (4.14) and (4.11), for any
fi, f» € L2(G ) we obtain the following estimate:

S5O fi % folf =D 5@) ! |(Pr, £1) * (Pr, )5

UeG UeG
<Y sW) Py, Al |Pr, f21s
UeG
< 2 1P, Fila[Pr, £l < WANE £l -39
UeG

Hence, taking into account (4.13), we see that ||-||,» ZUEG 5(U)’% (fl K fz) is a well-defined
element of L?(G) and, by (5.38),

U
e / dug () (P, /1) (1) o(h™ () = 11z D 8WU) 2 (i * f). (5.40)
UeG UeG
At this point, relations (5.37) and (5.40) imply that formula (5.35) holds true. O

We will now prove that it is possible to achieve a simple expression of the K -deformed
star product associated with the representation U, for every bounded operator K € B(H).
Although this result is more general than theorem 5.1—which corresponds to the case where
K = I—we will derive it as a consequence of formula (5.26) for the star product. To this aim,
it is useful to observe that, by the definition of the K -deformed star product and the fact that

6,6, =1, we have

f % fri=6,(85 11 R & 1)

= 6,(851163(6, (R &5 15)) = fi * (6,(K &) 1)) (5.41)
Moreover, for every bounded operator K in 7 and for every vector x contained in Dom(ﬁaz) ,
let us define an integral kernel ky (K, x; -, -, -) : G x G X G — C by setting
ku(K. x:8.h i) := (D' U)*U(9) Dy'x. K UW) D' x)

=m(h, h™') A~ 9)* xu (R, x: h™'g, ). (5.42)

Comparing this definition with (5.6), it is clear that ky (x; g, h, W) = «xy (I, x; g, h, ).
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Corollary 5.3. Let R be a bounded operator in 'H and {x,}nen an orthonormal basis

A

contained in the dense linear span Dom(DUz). Then, for any fi, f» € L*(G), the following
Sformula holds:

fxfr=11a ) f drag (h) / A (W) (R i -, b W) f1 () fo(B). (5.43)

Proof. Taking into account relation (5.41), we can apply formula (5.26) for the (standard)
star product, and next we use relation (5.15), thus getting

fl%fz = H-anZ/duc(h)/duc(h/)w(xn; W) fi(h) (S (K S £2))(R)

=l ) (Ru(),6, Ry, &5 (6, (RS} £2)). fi),-

n

=12 Y (Ra()p (8 Ry, (K S} £2)), fi),2- (5.44)

n

From (5.44), by virtue of relations (5.14), (5.9) and (5.42), it follows that

fi 1% H=1e) / dug (h) fi(hmh, ™' g)* Ag(h™" ())* (6, Ry, ££ 65 f2) (™' ()

= Il Zfdﬂc(h)/duc(h/)KU(k, Xns > by B fi(R) f2 (). (5.45)
The proof is complete. U

Formula (5.43) assumes a remarkably simple form in the special case where the carrier
Hilbert space H of the representation U is finite-dimensional (so that the l.c.s.c. group G must
be unimodular; see the last assertion of remark 2.1). Indeed, one easily derives the following
result.

Corollary 5.4. Suppose that the Hilbert space H, where the square integrable representation
U acts, is finite-dimensional. Then, for any pair of functions fi, f» € L*(G), the following
formula holds:

fl%fz =d53/d#c(h)/duc(h') w(U () Uh) K UMR) filh) fa(h). (5.46)

Remark 5.4. Assume that G is a compact—in particular, a finite—group and U is a
(irreducible) unitary representation. In this case, formula (5.46) reads:

Y p=sw) / due(h) / duc () Cy (O hIY fih) fok),  (54T)

where C;;, : G — C is the character of the finite-dimensional representation U, i.e. C;,(g) :=

tr(U(g)). Then, since &,1 = 8(U)% CU((-)’I), the obvious equation (&, 1) g S,
&, I translates into the following relation for the character C;:

Cy(g) = 8(U)* / dug(h) / dug(h) Cy(ghh') Cy (k™Y Cy (W) ™H. (5.48)
Thus, we recover results previously found in [22].
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6. Applications

In this section, we will consider two simple—but extremely significant—applications of the
theory developed in sections 3—-5. We will first consider the case of a square integrable—
genuinely projective—representation of a unimodular group, i.e. the group of translations on
phase space. The analysis of this case leads to the Groenewold—Moyal star product, i.e. the
prototype of the star product. Next, we will study a case where square integrable unitary
representations of a group which is not unimodular—the one-dimensional affine group—are
involved. As already mentioned, this group is at the base of wavelet analysis.

6.1. The group of translations on phase space

Let us consider the group of translations on the (1 + 1)-dimensional phase space, namely, the
additive group R x R (the extension to the (n + n)-dimensional case is straightforward). As
is well known (see, e.g., [39]), the map R x R 3 (g, p) — U(q, p) € UL*(R)), defined by

U(q. p) == exp(i(pg — qp)) = e 2% exp(ipq) exp(—igp) = e29 exp(—igp) exp(ipq),
(6.1)

q, p € R—where g, p are the standard position and momentum operators—is a projective
representation of the unimodular group R x R, representation which we will call (with a slight
abuse of terminology) Weyl system. The Weyl system—as already observed in section 2—is a
square integrable representation. It ‘encodes’ the canonical commutation relations of quantum
mechanics (in the integrated form), as shown by the last two members of (6.1).

The (generalized) Wigner transform generated by the Weyl system is not the standard
Wigner transform but the so-called Fourier—Wigner transform [40]. In fact, it turns out
that these maps are related by the symplectic Fourier transform, i.e. by the unitary operator
Fop L>(R x R) — L*(R x R) determined by

1 / i(gp'—pq’ /
(Fop g, p) = E/ f(q, pHew—ri)dg dp, VfeL' (R xR NL*R x R).
RxR

(6.2)

Recall that Fg, enjoys the remarkable property of being both unitary and self-adjoint:

Fop=Fi Fo=1.

As already mentioned in section 2, (27r) ~'dgdp is the Haar measure on R x R normalized
in agreement with the Weyl system U. Then, in this case, the generalized Wigner transform &,
is the isometry from B,(L*(R)) into L>(R x R) = L*(R x R, (27)'dg dp; C) determined
by

(Syh)g. p) = w(U(g, p)*p), vV p € Bi(L*(R)). (6.3)
The multiplierm : (R x R) x (R x R) — T associated with U is of the form

n(q, p; q', p') = exp (%(qp’ - pq’)) . (6.4)

Therefore, according to formulas (3.11) and (3.13), the generalized Wigner transform
G, intertwines the unitary representation U VU : RxR — UB,(L2(R))) with the
representation 7, : R x R — U/(L?>(R x R)) defined by

(Talg. PG p) =7 P0f@G p),  VfeL’®RxR). (65
Moreover, S, intertwines the involution J in B, () with the complex conjugation J = J
that, in this case—as the reader may readily check—takes the following form:

(g, p) = f(—q,—p), VfeLl*R xR). (6.6)
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As anticipated, the standard Wigner transform—we will denote it by T—is the isometry
obtained composing the isometry &, determined by (6.3), with the symplectic Fourier
transform (see [23]):

T 1= Fp Sy : By(L*(R)) — L*(R x R). (6.7)

It is clear that the isometry ‘¥ intertwines the representation U Vv U with the unitary
representation V : R x R — U(L*(R x R)) defined by V(g, p) := FopTu(q, p)Fsp,
VY (g, p) € R x R; as the reader may easily check, explicitly, we have

V. P He',p)=f@ —q.p" —p), Vfel’ R xR). (6.8)
Thus, the representation V' acts by simply translating functions on phase space. It is also
a remarkable fact—see [41]—that Ran(T) = L*(R x R); equivalently, Ry = Ran(G)) =
L*(R x R) (this fact can be verified deducing the integral kernel of the Hilbert—Schmidt
operator &7, f, for a generic f € L%(R x R), and observing that Ker(&};) = {0}). Therefore,
the standard Wigner transform ¥ and its adjoint T*, the standard Weyl map, are both unitary
operators.
Let us now study the star product in L?(R x R) induced by the Weyl system U. Recalling
theorem 5.1, and taking into account the fact that, in this case, R, = L*(R x R) (and dy=1),
we have

U 1 ! / ! 1A% ! ! / /
(fi *fz)(q,P)=E/R an(q,p)m(q,p;q—q,p—p) flg —4q',p—p)Hdq'dp

1 i ,
= f @', p) flg —4q'. p— p)exp (—(qp/ - pq )) dg"dp’,
2 RxR 2
(6.9)
Y f1, f» € L2 (R xR). Thus, the star product associated with the Weyl system is nothing but the
twisted convolution of functions [4] (see also [40, 42]). According to the results of section 4,
(L*(R x R), l,{ J) is a proper H*-algebra and &, : B,(H) — L?*(R x R) is an isomorphism
of H*-algebras.
The unitary operators T, T* induce another star product of functions
O® LR xR) x PR xR) 3 (fi, /) = ST f)EfH) e PR xR),  (6.10)

namely the twisted product (see [4]). Using the fact that T = F, G, and T = G}, Fyp, we
obtain that

fi® fr=Fy(Fopf) * (Fyp f2)). 6.11)

From this relation, by an explicit calculation, one finds that, for any fi, f» € L'(R x R) N
L3(R x R),

(fi ® f2)(q, p)

1 /A /
== dg’ dp// dg"dp" 0(q, p;q'. p'sq". p") 1@, P (4", p"), (6.12)
% JRxR RxR

where we have set

0. piqa'. p'q" p") =exp(i2(qp’ — pq"+4'p" — p'q" +q"p — p"q)). (6.13)
The function 0 : (R x R) x (R x R) x (R x R) — T is the celebrated Groenewold—Moyal
kernel. The symplectic Fourier transform intertwines the complex conjugation J with the
standard complex conjugation in L>(R x R): FopdFpf = f*. Therefore, L2(R x R)

endowed with the twisted product and with the standard complex conjugation is again a proper
H*-algebra. This fact seems to have been noted for the first time by Pool [41].
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6.2. The one-dimensional affine group

Let us consider, now, the one-dimensional affine group, namely, the semi-direct product
group G = R x R}, where R} is the subgroup of dilations, i.e. R} is the group of strictly
positive real numbers (we will denote by R, the set of strictly negative real numbers)
which acts multiplicatively on R. Thus, G consists of the topological space R x R},
endowed with the composition law (a,r) (a’,r") = (a+rd',rr'), a € R, r € R}. This
group is not unimodular. A pair ur, ugr of—left and right, respectively—conjugated Haar
measures on G ([; f(g)dur(g) = [, f(g7") dur(g)) are given by dur(a,r) = r2dadr,
dug(a,r) = rldadr,a e R, r € R?. Hence, the modular function Ag on G is given by
Agla,r) = r ', Ya e R, Vr € RY. As already recalled in section 2, this group is at the
base of the theory of the wavelet transform. For the sake of completeness, we will come back
to this point later on. It is also worth mentioning that the quantization—dequantization theory
based on the affine group has been studied by Aslaksen and Klauder [43], who obtained the
Wigner and Weyl maps associated with the representations of this group. However, they did
not consider the concept of star product.

Using Mackey’s little group method for classifying the irreducible representations of
semi-direct product groups with an Abelian normal factor (see [26]), and the results of
[44] on the characterization of square integrable representations of the groups of this
type, one finds out that the affine group G admits a maximal set of mutually unitarily
inequivalent, square integrable, irreducible unitary representations consisting of two elements:
{UD: G — ULAR;)), U : G — UL>[R?))}. These two unitary representations are
defined by

W@, e D)) =1 o), (6.14)
aeR, reR!, xeR;, ¢ ecl’R]),
(U(+)(a, r)¢(+))(x) = V% 6iax(,0(+) (rx),

(6.15)
aeR, reR, xeR:, % el’R),

where the Hilbert space L2(RZ) is of course defined considering the restriction to RE of the
Lebesgue measure on R. Moreover, by the results of [44], the Duflo-Moore operator D,

associated with the representation U ®—and normalized according to 11 —is the unbounded
multiplication operator (defined on its natural domain) by the function RE > x > /27/]x].
The representations U™, U™ are unitarily inequivalent, but they are intertwined by
the antiunitary operator L? R 20— p(—()" € L2 (RY). We will denote by 6(_) and
&4, respectively, the associated Wigner maps. These maps are isometries that intertwine the
unitary representations U™ v U™ and U™ v U™, respectively, with the two-sided regular
representation 7 of R x R}, representation which is defined by
(T@,r) )@, ry:=r"2 fG"d —a+ra),r), VfeLl’® xR, up). (6.16)
The standard involutions J(—), J() in the Hilbert—Schmidt spaces 5, (L? R)), B, (L? RY))
are intertwined by the Wigner maps &, and &,,, respectively, with the map

JIL*(R x R, pp) — LR x R, ), (6.17)
which is the complex conjugation defined by
W)a,r) =r2 f(—rta,r ", VfeLl’?® xR, up). (6.18)
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The explicit form of the Weyl map &7, : LX(G) — By(L*(RE)) can be easily obtained

applying formula (3.22). Indeed, for every function f : G — C in L'(G) N L*(G) and every
vector ) in Dom(D)), we have

(S 1)e™) ) = / f(a, N (U® (@, ) DE ™) (0)dps(a, r)

/f(a r)ﬁe‘“x,/ 3 &l P (rx) duc(a, r), for aa. x € RE,
T

(6.19)

Next, by virtue of Fubini’s theorem and of a change of variables (» — x~ 'y, with x, y € RY),
we get

* SIS0 L
((G(i)f)ﬁl’(i))(x) = /Rf N / N f(a,x 'y)e
= /R s ne® () dy, (6.20)

fora.a. x € RE, where—for every f € L?(G)—the integral kernel g(i)( ):REXRE - C
is defined by

(+) NIRRT | -1 +

f (x’y) - |X|2|y| (flf)(_xax y)v x’yGR*’ (621)
with F; denoting the Fourier transform with respect to the first variable. This result—by

the well—known essential uniqueness of the inducing kernel of a Hilbert—Schmidt operator—
implies that ¢/ (., -) is the integral kernel associated with the Hilbert-Schmidt operator St

in L2(RE), for every f € L'(G) NL*(G); hence, we have that

165412, _/ dx/ dy—l(flf)( xR

=f dxf TNEH (=2 )P
RE R: T

d_r _ 2 g2
< [ dx r2|(-7:lf)( x, V)7 = |Ifll{2- (6.22)
R :

Of course, what we have found—i.e. ||62‘ jE)f||§;2 < ||f||iz—is coherent with the fact that
the Weyl map &, is a partial isometry. Now, let f be a generic function in L*(G) and
{f.}nen a sequence in L'(G) N L?(G) such that lim,_, Il f —fullL2 = 0. Then, the sequence
{&(yfatnen C Ba2(H) converges to S, f; equivalently, the sequence { S, Jney CODVErges in
L2(RE x R¥) to the integral kernel of the Hilbert-Schmidt operator {4, f kernel which for
the moment is still ‘unknown’. But, arguing as in (6.22), we see that the function g}i) belongs
to L>(RE x RE) and

2 e = / dx / dy—|<f1(f—fn)><—x,x*1y>|2<||f—fn||iz.

(6.23)

It follows that the integral kernel of &, f is g;i) for every f € L?(G). Moreover, we have
that '

d d
16 )fIIB2+II6<+)fII§2=/ dx/ —Z|(f1f)(—x,r)|2+/ dx/ ZIAENHx NP
Ry R: T Rt Rt T

Isi? - 521

n

= / |f(a,n)? r2dadr = |||, Y f e LY(G). (6.24)
G
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Therefore, denoting by R, the range of the Wigner map &, (we know that R _, L R,
see remark 3.1)—since R( 4 = Ker(G( jE)) —the following relation must hold: L?(G) =
R &Ry

Let us now consider the star products in L?(G) associated with the square integrable
representations U™ and U™, By definition—see (4.1)—we have

£i% R=6u (S M) (S h). Vi fr e PR xR w). (6.25)

Exploiting the results of section 5, we can provide explicit formulas for these star products.
Let {x®},en be an orthonormal basis in L>(RE) contained in Dom(D(_f)), i.e., such that
(R*jE 5 x b |x| X,fi) (x)) € Lz(Rf). For instance, one can choose the Laguerre functions
X RE> x> L,y (|x|) e /%, where L, k = 0, 1,2, ..., is the Laguerre polynomial of
order k. According to the main result of section 5—see theorem 5.1—we have

(+) ;o
A9 =1 ||LzZ/duL<a r)fdm(a iy (6B a,rd )

neN
x fila,r) fala', "), (6.26)
where the integral kernel K(i)()(,f i) G X G x G — Cisdefined by

+). . .
ke (X ar, rl,az,rz,aa,rs)

= (UP @, r)D I\ x U (@2, ) D\ UF (a3, 1) D X)) (6.27)
Recalling the explicit form of the the Duflo-Moore operators D( +)» We have:

5. . .
K(:t)(X,E ); ai, rys az, r2; as, r3)

= rz;fr?(D(;) . DZUS (—(a1 — ay — raas) /1. rars/r) xy )
3
- (Z—’f) SEAD (@ = a = ray)/riran ). (6.28)
where the function A® : R x R} — C is defined by
AP (@ 0) = F(I'* PO % () (@), acR, o€eR], (6.29)
with F : L2(R) — L*(R) denoting the Fourier transform and % € L?(R) the function
1P ) = x*F ), for x € RE, P (x) =0, otherwise, (6.30)

ie. X,li) is the image of yx, () yia the natural immersion of L. (Ri) into L2(R). In conclusion,
the triples

<) )
A= LR xR u), () * (0.d)  and A, = (LXRxRE ), () * (),J)
(6.31)
are H*-algebras. The mutually orthogonal subspaces R_) and R ,, of L2(R x RY, ) are,

respectively, the canonical and the annihilator ideals in the standard decomposition of the
H*-algebra A _), while they are, respectively, the annihilator and the canonical ideals for A, .

It is clear that one may endow L*(R x R}, uy) with the structure of a proper H*-algebra by
considering the star product

=) (+)
fix fai=(fi * f2)+(fi * f). (6.32)
Let us now clarify the link with the standard wavelet transform. To this aim, let us consider
the unitary representation U : G — U(L*(R)) defined as follows. Taking into account the
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orthogonal sum decomposition L?(R) = L? ®R)) eL? (R}), we can consider the representation
US) @ UD of G in L2(R); then, we set

Ua,r):=F(UD @ UD)(a,r)F*, V(a,r) e RxR. (6.33)
For every ¥ € L?(R), we have
Vo, (a) = (Ua,r)¥)@) = roz (@ —a)/r), a,d eR, reR;. (6.34)

Observe that this is the typical dependence on the translation and dilation parameters of a
‘wavelet frame’ (see [31]; note that the symbols that we use here for these parameters are
non-standard). However, a function ¢ € L?>(R), in order to be a ° good mother wavelet’'—i.e.
in order to verify the the orthogonality relations

f (@, Var)(War, ) durla,r) = (¢, 9), V¢ e LX(R) (6.35)
G

—has to satisfy suitable conditions. Indeed, as the reader will easily understand, one has to
require that the following conditions hold:

(i) the projection onto L2 (Rf) (regarded as a subspace of L?(R)) of the Fourier transform of
Y belongs to Dom(D,,), ie.

(R > x > x| [(Fy)(0))?) e L'RE); (6.36)

(ii) denoted by ep+ the characteristic function of the subset RF of R—observe that the
orthogonal projection of L?(R) onto L?(RZ) is just the multiplication operator by EpE—
the vectors

D (er; (Fy)) € LX(R)  and Dy, (er:(Fy)) € L*(R}) 6.37)

are both normalized, i.e.

2n/ x|~ [(Fyr) ()] dx =2n/ x|~ (Fy) ()P dx = 1. (6.38)
Ry Rf

7. Conclusions, final remarks and perspectives

In this paper, we have considered star products from a purely group-theoretical point of view. In
particular, we have not assumed to deal with Lie groups, but, in general, with locally compact
topological groups. Therefore, our treatment allows us to include in a unified framework,
for instance, all the finite groups (in the paper regarded as compact groups). This feature
is certainly appealing in view of the increasing interest in realizing quantum mechanics on
discrete spaces (see [45] and references therein). We think, in particular, that applying our
results to a formulation of quantum mechanics on finite groups would be extremely interesting.

Let us briefly review the main points of our work. We have first recalled—see section 3
—that with a square integrable (in general, projective) representation U : G — U(H) of a
locally compact group G are naturally associated a dequantization (Wigner) map &, which is
an isometry, and its adjoint, the quantization (Weyl) map &j;. The standard Wigner and Weyl
maps are recovered in the case where the group under consideration is the group of translations
on phase space, up to a (symplectic) Fourier transform. We stress that this Fourier transform
does not play any—mathematically or conceptually—relevant role; essentially, it allows us to
obtain the usual quantization rule for the functions of position and momentum.

Next, in section 4, we have observed that by means of the quantization and dequantization
maps associated with the representation U one can define a star product of functions enjoying
remarkable properties. Endowed with this product and with a suitable involution, the Hilbert
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space L?(G) becomes a H*-algebra Ay, and—regarding G as a ‘symmetry group’ of a quantum
system—the star product is, by construction, equivariant with respect to the natural action of G
in Ay, i.e. the action with which the standard symmetry action of G on states or observables in
the Hilbert space H is intertwined via the Wigner map. Observe that the star product associated
with U is such that the canonical ideal of Ay—ideal which coincides with the range R, of
&, —is a simple H*-algebra (see [37, 38]), isomorphic to B, (). Itis clear that the algebra Ay
is commutative if and only if dim() = 1 (in this case, the square-integrability of U forces the
group G to be compact). Observe moreover that, in the case where G admits various unitarily
inequivalent unitary representations, one can define more general star products by forming
suitable ‘orthogonal sums’ of ‘simple’ star products; see, e.g., formula (6.32). In section 4, we
have also considered an interesting deformation of the star product associated with U, namely
the K -deformed star product, and studied its main properties. We will consider applications
of this deformed product elsewhere.

At this point, our main task has been to derive explicit formulas for the previously defined
star products. This task has been accomplished in section 5. We have shown that for every
orthonormal basis contained in the domain of the positive self-adjoint operator b(f (with
bU denoting the Duflo-Moore operator associated with U) one has a realization of the star
product, see theorem 5.1. In the case where the group G is unimodular, the star product of
two functions belonging to the range of the Wigner map &, assumes the particularly simple
form of a ‘twisted convolution’, which reduces to the standard convolution if U is a unitary
representation. It is interesting to note, incidentally, that it is the Banach space L!(G) which
is usually endowed with the structure of a Banach x-algebra by means of convolution [27],
while in L?(G) the convolution product is, in general, an ‘ill-posed’ operation. Namely, if the
convolution product exists and belongs to L2(G) for all pairs of functions in L>(G), then the
group G must be compact (recall, however, that by Holder’s inequality, the convolution of any
pair of functions in L?(G) does exist, for G unimodular). This is a particular case (p = 2)
of the classical ‘L”-conjecture’ (p > 1), which has been finally proved (in its general form)
in 1990 by Saeki [46]. Therefore, the whole vector space L?>(G) can be endowed with the
structure of an algebra by means of the convolution product if and only if G is compact.

Consider, now, the specific case where the group G is compact. In this case, one obtains
a nice decomposition formula for the convolution in L?(G) in terms of the star products
associated with a realization of the unitary dual G of G; see corollary 5.2. The Hilbert space
L2(G), endowed with the convolution product and with the involution (5.36), is a H*-algebra
which we denote by £(G). The orthogonal sum decomposition (3.9)—complemented by
formula (5.35)—can be regarded as the decomposition into minimal closed (two-sided) ideals
of L£(G) prescribed by the ‘second Wedderburn structure theorem for H*-algebras’ [37, 38].
Any of these ideals—say R, = L*(G)yj—is a simple finite-dimensional H*-algebra which
is embedded, in a natural way, in the H*-algebra Ay determined by the star product (5.47)
and by the involution (5.36); precisely, as already observed, R, is the canonical ideal of Ay .
It is actually the interest in the algebra £(G) that motivated Ambrose’s study of H*-algebras
[37]. In our opinion, the formalism of star products provides a concrete and conceptually clear
framework for Ambrose’s ideas. Incidentally, note that the definition of a H*-algebra given
in section 4 may seem to be slightly stricter than the original definition given by Ambrose.
However, it is easy to show that they are actually equivalent.

It is worth observing that—different from the quantization—dequantization scheme which
has been recently developed in [23]—in the “Weyl-Wigner approach’ that is considered in the
present contribution there is no canonical way for representing a generic quantum observable
as a suitable ‘phase space function’ since, for H infinite-dimensional, B,(H) C B(H) (in the
case of the standard Weyl quantization, this problem has been studied, for instance, in [47]).
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This feature, of course, reflects in the fact that there is no standard way for representing within
the framework considered here the product of a generic quantum observable by a state as a
star product of functions. However, we believe that suitably extending the domain of the first
argument of the star product—this time defined as the rhs of (5.26)—from L?(G) to some
larger space of functions (or distributions), and, possibly, restricting the domain of the second
argument, one should be able to generalize the results obtained in the paper. This interesting
topic will be the object of further investigation.

One can, in principle, elaborate several examples of star products defined along the lines
traced in the present paper that are potentially relevant for applications. In addition to the
case of compact groups, for all groups admitting square integrable projective representations,
it is possible to define star products of functions. In section 6, we have considered the
significant examples of the group of translations on phase space and of the affine group, but, of
course, several other examples would deserve attention. As an example, we mention the group
SL(2, R). According to classical results due to Bargmann [48], this group admits a (infinite)
countable set of mutually unitarily inequivalent, square integrable unitary representations—
the ‘discrete series’—with carrier Hilbert spaces consisting of suitable holomorphic functions
on the upper half plane.

A wide class of groups with important applications in physics and related research areas
(in particular, signal analysis) is formed by the semi-direct products with an Abelian normal
factor. For these groups square integrable representations can be suitably characterized, see
[44], and examples of such groups, admitting square integrable representations and having
remarkable applications, can be found in [24, 25]. From the point of view of signal analysis,
the image through the Weyl map of a function in L?(G) can be regarded as a localization
operator of a different kind with respect to the localization operators usually considered in
wavelet and Gabor analysis [31]. Thus, the star product provides a way for characterizing the
product of two localization operators. Possible applications of our results to signal analysis is
a further topic that we plan to investigate in the future.

References

[1] Groenewold H J 1946 On the principles of elementary quantum mechanics Physica 12 405-60
[2] Moyal J E 1949 Quantum mechanics as a statistical theory Proc. Camb. Phil. Soc. 45 99-124
[3] Zachos C K, Fairlie D B and Curtright T L (eds) 2005 Quantum Mechanics in Phase Space (Singapore: World
Scientific)
[4] Grossmann A, Loupias G and Stein E M 1968 An algebra of pseudo differential operators and quantum
mechanics in phase space Ann. Inst. Fourier 18 343—68
[5] Berezin F A 1975 General concept of quantization Commun. Math. Phys. 40 153-74
[6] Voros A 1978 An algebra of pseudodifferential operators and the asymptotics of quantum mechanics J. Funct.
Anal. 29 104-32
[7] Bayen F, Flato M, Fronsdal C, Lichnerowicz A and Sternheimer D 1978 Deformation theory and quantization:
1. Deformations of symplectic structures Ann. Phys. 111 61-110
Bayen F, Flato M, Fronsdal C, Lichnerowicz A and Sternheimer D 1978 Deformation theory and quantization:
IL. Physical applications Ann. Phys. 111 111-51
[8] Cahen M and Gutt S 1982 Regular x-representations of Lie algebras Lett. Math. Phys. 6 395-404
[9] Gutt S 1983 An explicit *-product on the cotangent bundle of a Lie group Lett. Math. Phys. 7 249-58
[10] De Wilde M and Lecompte P 1983 Existence of star-products and of formal deformations of the Poisson—Lie
algebra of arbirary symplectic manifolds Lett. Math. Phys. 7 487-96
[11] Voros A 1976 Semi-classical approximations Ann. Inst. H. Poincaré 24 31-90
[12] Emch G G 1984 Mathematical and Conceptual Foundations of 20th Century Physics (Amsterdam: North-
Holland)
[13] Kubo R 1964 Wigner representation of quantum operators and its applications to electrons in a magnetic field
J. Phys. Soc. Japan 19 2127-39

28


http://dx.doi.org/10.1016/S0031-8914(46)80059-4
http://dx.doi.org/10.1017/S0305004100000487
http://dx.doi.org/10.1007/BF01609397
http://dx.doi.org/10.1016/0022-1236(78)90049-6
http://dx.doi.org/10.1016/0003-4916(78)90224-5
http://dx.doi.org/10.1016/0003-4916(78)90225-7
http://dx.doi.org/10.1007/BF00419321
http://dx.doi.org/10.1007/BF00400441
http://dx.doi.org/10.1007/BF00402248
http://dx.doi.org/10.1143/JPSJ.19.2127

J. Phys. A: Math. Theor. 42 (2009) 475210 P Aniello

[14]
[15]
[16]
(17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
(27]
(28]
[29]

(30]

(31]
[32]
(33]
[34]
(35]

(36]
[37]
(38]
[39]

[40]
(41]
[42]
(43]
[44]
[45]

[46]
[47]

[48]

Wigner E 1932 On the quantum correction for thermodynamic equilibrium Phys. Rev. 40 749-59

Weyl H 1950 The Theory of Groups and Quantum Mechanics (New York: Dover)

Virilly J C and Gracia-Bondia J M 1989 The Moyal representation for spin Ann. Phys. 190 107-48

Gadella M, Martin M M, Nieto L M and del Olmo M A 1991 The Stratonovich—Weyl correspondence for
one-dimensional kinematical groups J. Math. Phys. 32 1182-92

Gracia-Bondia J M, Virilly J C and Figueroa H 2001 Elements of Noncommutative Geometry (Boston:
Birkhéduser)

Man’ko O V, Man’ko V I and Marmo G 2002 Alternative commutation relations, star products and tomography
J. Phys. A: Math. Gen. 35 699-719

Man’ko V I, Marmo G and Vitale P 2005 Phase space distributions and a duality symmetry for star products
Phys. Lett. A 334 1-11

Man’ko O V, Man’ko V I, Marmo G and Vitale P 2007 Star products, duality and double Lie algebras Phys.
Lett. A 360 522-32

Aniello P, Ibort A, Man’ko V I and Marmo G 2009 Remarks on the star product of functions on finite and
compact groups Phys. Lett. A 373 401-8

Aniello P, Man’ko VI and Marmo G 2008 Frame transforms, star products and quantum mechanics on phase
space J. Phys. A: Math. Theor. 41 285304

Ali ST, Antoine J P, Gazeau J P and Mueller U A 1995 Coherent states and their generalizations: a mathematical
overview Rev. Math. Phys. 7 1013-104

Ali S T, Antoine J P and Gazeau J P 2000 Coherent States, Wavelets and Their Generalizations (New York:
Springer)

Varadarajan V S 1985 Geometry of Quantum Theory 2nd edn (New York: Springer)

Folland G B 1995 A Course in Abstract Harmonic Analysis (Boca Raton, FL: CRC)

Aniello P 2006 Square integrable projective representations and square integrable representations modulo a
relatively central subgroup Int. J. Geom. Methods Mod. Phys. 3 233—67

Duflo M and Moore C C 1976 On the regular representation of a nonunimodular locally compact group J. Funct.
Anal. 21 20943

Grossmann A, Morlet J and Paul T 1985 Integral transforms associated to square integrable representations
1. general results J. Math. Phys. 26 2473-9

Grossmann A, Morlet J and Paul T 1986 Integral transforms associated to square integrable representations
II. examples Ann. Inst. H. Poincaré 45 293-309

Daubechies I 1992 Ten Lectures on Wavelets (Philadelphia, PA: STAM)

Simon B 1996 Representations of Finite and Compact Groups (Providence, RI: American Mathematical Society)

Perelomov A 1986 Generalized Coherent States and Their Applications (Berlin: Springer)

Klauder J R and Sudarshan E C G 1968 Fundamentals of Quantum Optics (New York: Benjamin)

Reed M and Simon B 1972 Methods of Modern Mathematical Physics I: Functional Analysis (New York:
Academic)

Segal I E 1950 The two-sided regular representation of a unimodular locally compact group Ann. Math. 51 293-8

Ambrose W 1945 Structure theorems for a certain class of Banach algebras Trans. Am. Math. Soc. 57 364-86

Rickart C E 1960 General Theory of Banach Algebras (Princeton, NJ: Van Nostrand)

Esposito G, Marmo G and Sudarshan G 2004 From Classical to Quantum Mechanics (Cambridge: Cambridge
University Press)

Folland G B 1989 Harmonic Analysis in Phase Space (Princeton, NJ: Princeton University Press)

Pool J C T 1966 Mathematical aspects of Weyl correspondence J. Math. Phys. 7 66-76

Wong M W 1998 Weyl Transforms (New York: Springer)

Aslaksen E W and Klauder J R 1969 Continuous representation theory using the affine group J. Math.
Phys. 10 2267-75

Aniello P, Cassinelli G, De Vito E and Levrero A 1998 Square-integrability of induced representations of
semidirect products Rev. Math. Phys. 10 301-13

Gibbons K S, Hoffmann M J and Wootters W K 2004 Discrete phase space based on finite fields Phys. Rev.
A 70062101

Saeki S 1990 The L”-conjecture and Young’s inequality /llinois J. Math. 34 615-27

Daubechies I 1980 On the distributions corresponding to bounded operators in the Weyl quantization Commun.
Math. Phys. 75 229-38

Bargmann V 1947 Irreducible representations of the Lorentz group Ann. Math. 48 568-640

29


http://dx.doi.org/10.1103/PhysRev.40.749
http://dx.doi.org/10.1016/0003-4916(89)90262-5
http://dx.doi.org/10.1063/1.529315
http://dx.doi.org/10.1088/0305-4470/35/3/315
http://dx.doi.org/10.1016/j.physleta.2004.11.027
http://dx.doi.org/10.1016/j.physleta.2006.08.057
http://dx.doi.org/10.1016/j.physleta.2008.11.047
http://dx.doi.org/10.1088/1751-8113/41/28/285304
http://dx.doi.org/10.1142/S0129055X95000396
http://dx.doi.org/10.1142/S0219887806001132
http://dx.doi.org/10.1016/0022-1236(76)90079-3
http://dx.doi.org/10.1063/1.526761
http://dx.doi.org/10.2307/1969325
http://dx.doi.org/10.2307/1990182
http://dx.doi.org/10.1063/1.1704817
http://dx.doi.org/10.1063/1.1664833
http://dx.doi.org/10.1142/S0129055X98000094
http://dx.doi.org/10.1103/PhysRevA.70.062101
http://dx.doi.org/10.1007/BF01212710
http://dx.doi.org/10.2307/1969129

	1. Introduction
	2. Some known facts and notations
	3. Weyl--Wigner quantization--dequantization maps
	4. Star products from quantization--dequantization maps
	5. Main results: explicit formulas for star products
	5.1. Assumptions and further notations
	5.2. Preliminary results
	5.3. Formulas for star products

	6. Applications
	6.1. The group of translations on phase space
	6.2. The one-dimensional affine group

	7. Conclusions, final remarks and perspectives
	References

